Abstract-In this paper, the physical spline finite element method (PSFEM) is applied to the fullwave analysis of inhomogeneous waveguides. Combining (rectangular) edge element and the PSFEM, the cubic spline interpolation is successfully applied to the wave equation. For waveguide problems, the resulting nonlinear eigenvalue problem is solved by a simple iteration method in which the initial estimate is taken as the linear Lagrange interpolation, and then the solutions are improved by a few iterations. The bandwidth of the resultant matrix from the PSFEM is the same as that of linear Lagrange interpolation and is sparse. As a result, sparse matrix solver can be used. Three typical examples are demonstrated and compared with the analytical solutions and with the linear Lagrange interpolation results. It is observed that the present method converges much faster than the Lagrange interpolation method.
INTRODUCTION
In electromagnetics and microwave engineering, waveguide structures are important, both theoretically and practically. In theory, analytical solutions exist for many standard waveguides such as rectangular and circular metal waveguides, even for partially loaded dielectric waveguides. In applications, waveguides are basic components in microwave and optical networks. Therefore, the analysis of arbitrary waveguide structures has been a very active research topic for decades. Various techniques have been published, including separation of variables, conformal mapping, integral equation method, transmission line matrix (TLM), finite difference (FD), finite difference time-domain (FDTD), and finite element method (FEM). Among them, FEM is the most popular because of its solid mathematical foundation and flexibility in handling complicated geometries. The node-based FEM has been successfully applied to waveguide structures since 1960s [1] . Most important progresses are collected in a book [2] . In the 1980s, a "revolutionary" approach, edge (vector) element, was re-discovered. Its advantages have been recognized very soon in electromagnetics [3] . It can overcome all known drawbacks of FEM against other approaches. Especially, spurious (nonphysical) modes disappear naturally at all [4] . There is a trend that most authors are moving to the edge-based FEM. The commercial software package, Ansoft HFSS, is an edge based FEM tool. Attentions continue to be paid to efficiency and accuracy in more applications.
In either node-based or edge-based FEM, various orders of Lagrange interpolation are still dominating. Up to 8 order (p-element) Lagrange interpolation was implemented [5] . The implementation can be very difficult and inefficient. Furthermore, at the nodes or on the edges, discontinuous derivatives of fields still exist that may cause problems. One the other hand, spline interpolation has caught little attention. Very few articles of splines in FEM can be found [6] , where only the B-spline was discussed. Because of the difficulty in implementation, spline functions have not been used in the FEM widely [7] .
In recent papers [8, 9] , a new finite element, physical spline finite element method (PSFEM), has been successfully developed and applied to one dimensional electromagnetic problems. The new interpolation greatly improves the accuracy and efficiency in one dimensional cases by incorporating physical equations into interpolations. However, in order to make the PSFEM practical in engineering, its extension to higher dimensions is necessary. In this paper, the PSFEM will be extended to a typical two-dimensional (2D) problem -the full wave analysis of waveguides. The initial results were shortly reported in [10] . The fundamental features introduced in PSFEM are described in [8, 9] in details, and will not be repeated here. The paper is organized as follows. Section 1 presents the functional for general waveguide problems. Section 2 reviews the edge finite element using the first order Lagrange interpolation. Section 3 applies the new physical spline finite element (PSFEM) to the edge finite element of waveguide problems. Section 4 describes a simple iteration algorithm for the resultant nonlinear eigenvalue problem. Three typical numerical examples are presented in Section 5 to show the effectiveness of the physical spline elements.
FUNCTIONAL FOR LOSSY, ANISOTROPIC WAVEGUIDE STRUCTURES
A general waveguide problem can be considered as a special case of structures with imperfectly conducting walls that are described mathematically by
in the finite computation region V . The boundary conditions are
for the Dirichlet or Cauchy boundaries, where
The functional is given as [11] 
where E a is the testing field of E. For waveguides, the special physical considerations are:
• integrals at two virtual end surfaces must vanish, • For sources-free regions J e = 0, J a e = 0, • In most cases, we have U = 0, U a = 0. Based on the considerations above and the z-independent property, the functional on the cross section of a waveguide is
Usually, the original field can be expressed as
Obviously, it propagates in the positive z direction if the time convention is e jωt . About the testing field, we have a few choices such as the original field itself [3] , the complex conjugate of the original field, etc. However, the following is more convenient in our problem. The wave propagating in the negative z direction can be chosen as the adjoint field [12, 13 ]
Because it is not a TEM wave, the z component (E z = 0) must be considered correctly. Separating the transverse and z component of the operator and using some vector identities, we arrive at
REVIEW OF EDGE FEM

Lagrange Interpolation
The finite element method was early applied to structural engineering, especially scalar problems. So, traditional node expansions are created in a natural way. The method was not used in electromagnetics until 1968. The same node expansions are also invoked directly. However, contrary to what we expect, spurious mode unpredictably occurs in some cases [14] . Therefore, some approaches such as penalty function method have been proposed to suppress spurious modes [4] . From the mathematical point of view, this implies that the solution space must have been extended. In other words, some conditions (equations) are not considered correctly. Although the penalty terms can be added to the functionals to enforce the divergence conditions, they are cumbersome and unnatural. A natural way is to consider the divergence equations at the next stage, the construction of basic elements or interpolation functions. Traditional node based elements are discussed in details in [15] . It is shown that most node based elements do not satisfy the divergence equations. It is a good idea to incorporate vector properties of electromagnetic fields in constructing basic elements. These basic considerations lead to the so-called vector (edge) elements. Although vector elements were described forty years ago [16] , they are noticed and used widely in electromagnetics until recently. In order to make some comments we summarize the construction of rectangular elements as follows. Consider the rectangular element shown in Fig. 1 . The side lengths are l x and l y in the x and y directions, respectively. The geometric center is (x c , y c ). Decomposing the vector field (for example electric field) into x and y components, each component is one dimensional. The field at an arbitrary point (x, y) can be expressed in terms of the x and y components on the four edges. Suppose each field component varies linearly with respect to the related coordinates. Taking E x as an example, from the geometric similarities shown in Fig. 1 , we get
This equation can be simplified to the desired form, in terms of the x and y components on the edges as
which is independent of the x coordinate. Note that this does not mean the total field is independent of x because the y component E y is a function of x. Eq. (13) is actually the first order (linear) Lagrange type interpolation.
In the same way, the y component can be expressed as
If the edges are defined as shown in the figure, the field is expanded as
where only the tangential components E i on the edges are required. The vector interpolations or basis functions are identified as
The advantage is that each vector interpolation function consists of only a tangential component along the corresponding edge. So, the tangential continuity of the field across all edgeds is guaranteed automatically. The boundary conditions on the inner discontinuous interfaces can be included easily. Other more flexible shape elements are possible. They are needed when we want to model complicated structures. However, the interpolation above introduces implicitly another assumption: the E x is a function of y only; the E y is a function of x only. Or in general, all kinds of (first order) edge elements imply that the tangential components along any given edge are equal. This can be concluded directly from the expansions. Equivalently, the tangential components are the average values that are the unknowns in FEM. This assumption is not generally true in physics.
The vector basis functions above are used to expand transverse components in waveguide problems. For the longitudinal component, node-based interpolations are still needed. They are given as
System Eigenvalue Problem
It is well known that based on the Lagrange interpolations, the functional (11) can be discretized to the following system eigenvalue problem
Mathematically, it is a generalized eigenvalue problem
Subspace Iteration Method
The most time-consuming part of FEM is the solution of the resultant matrix equations. In our case, it is the generalized eigenvalue problem (19) . Two reasons indicate that the standard "dense" matrix methods can not be used. First, only the dominant and a few near-dominant waveguide modes are desired in practice. It is not necessary to solve all eigen values and eigenvectors since only those that are less than the testing frequency k 0 are physically meaningful. Secondly, the matrices [A] and [B] are usually large sparse if only first order Lagrange interpolation is employed. Therefore, sparse matrix techniques must be adopted. Subspace iteration method is one of the efficient sparse techniques. It is first proposed by K. Bathe [17] . Its applications to waveguide problems are described in [18, 19] and [20] . The procedure is summarized as follows 1. Choose initial vectors [X 0 ] N ×p and a shift η. Where N is the number of freedom of the problem (p << N).
2. Iterate
Stop the iterations by solving
4. ith (i ≤ p) eigenvalue is given by
and eigenvector
5. Check the convergence
where T OL is a given tolerance. Note that the costs of CUP time and memory are proportional to about N 1.5 and N respectively, if only one eigenvalue and its corresponding eigenvector are solved [19] .
PSFEM IMPLEMENTATION
As we have done in one-dimensional problems [8, 9] , Maxwell's equations can be embedded in the cubic splines to implement PSFEM. It is noted that in the edge element above, it is assumed implicitly that the x component of the field is independent of x, and the y component of the field is independent of y. That is, within an element
So the one-dimensional physical spline interpolation is applicable directly to E e x (y) and E e y (x).
Interpolation of Transverse Components
Let us consider non-magnetic materials with 
Expanding e x and e y using the one-dimensional physical splines yields the following field interpolations 
which is similar to the traditional edge element interpolation (15).
Interpolation of Longitudinal Component
Next we need to consider interpolation of longitudinal component e z . Similarly, it is easy to construct 2D PSFEM for a four node element as follows
where the scalar complex expansion function is
Considering the cubic splice requirements and 
Evaluation of Elemental Matrices
As usual, in the numerical implementation of finite element method, all elemental integrations must be evaluated based on the corresponding interpolations or expansions. In the PSFEM, the interpolations are described for rectangular elements. All matrices can be evaluated analytically in this case. Typical elemental matrices resulting from the discretization of the functional (11) 
In all the formulas above
Once these elemental matrices are evaluated, we are ready to solve the corresponding PSFEM problems. Because of the assumption (25), a factor of 0.5 is introduced in p x and p y of the G matrices. Obviously, if p x = p y = p z = 0, all the matrices above reduce to the ones in the linear Lagrange elements.
ITERATION ALGORITHM FOR NONLINEAR EIGENVALUE PROBLEMS
It is easy to realize that the PSFEM results in a complicated eigenvalue problem. Since all elemental integrals or matrices are functions of the unknown eigenvalue γ 2 , the resulting problem is expected to be a nonlinear eigenvalue problem
Strictly speaking, (46) is quite different from (19) . It is generally difficult to solve the nonlinear eigenvalue problem (46) directly. The solution of (46) type problem is still an active research interest in mathematics [21] . Fortunately, we developed the following iteration algorithm to overcome this difficulty. 1. Use the traditional Lagrange interpolation solution with course mesh as the initial values for eigenvalues and fields. That is to solve (19) as initial values for the following iterations.
Eq. (47) is a regular generalized eigenvalue problem. Then the same subspace iteration method describe in Section 3.3 can be used to solve (47) in each iteration. It is found that only two or three iterations result in convergent eigenvalues in practice.
NUMERICAL EXPERIMENTS
Any numerical techniques must be verified with numerical experiments. The attractive effects of the PSFEM in analysis of waveguide structures will be tested in this section. Three classical examples are employed to emphasize various aspects of the PSFEM. It is a good thing that analytical solutions exist in all three examples, then the comparisons are reliable.
A Standard Rectangular Waveguide
A rectangular air filled waveguide is used to demonstrate the suppression of spurious modes using edge elements. The cutoff wavenumber of a rectangular waveguide of dimensions a and b is given by [22] k
for TE modes, and
for TM modes. The first ten modes for both TE and TM modes are listed in the 11 and T M 11 modes should be degenerate. However, Lagrange FEM yields some difference. The PSFEM converges to the same up to 9th decimal. Table 2 illustrates the convergence of the two methods for the fundamental mode T E 10 . It is immediately concluded that the PSFEM converges much faster. Even in the extreme case, with only 2 × 2 mesh, the PSFEM works well while the Lagrange FEM does not. Equivalently, the PSFEM saves a lot of computation time. 
A Lossy Dielectric Waveguide
A rectangular metallic filled with homogeneous, isotropic and lossy dielectric is solved. In this case, we have the exact analytic solution of the propagation constant [23] 
where m and n are the mode indices for the x and y directions. The discretization of the structure is shown in Fig. 2 . Only 10 × 10 nonuniform meshes in geometric progression (1 × 0.5) in each direction are used to demonstrate the numerical computations. The relative dielectric constant is r = 4 − j100. The numerical and analytic results of the attenuation constant and phase constant of the dominate mode T E 10 are compared in Fig. 3 and Fig. 4 , respectively. It is seen that the PSFEM works very well in lossy cases.
A Partially Dielectric-Filled Waveguide
The structure is shown in Fig. 5 . This is another well-known test problem of numerical techniques for waveguide structures. It is first solved analytically by L. Pincherle [24] and then cited in [12, 22, 25] .
The propagation constant for T M x (LSM x ) is determined by [25] 
and the transcendental equation
Similar structures are solved using FEM in [26] [27] [28] etc. In order to be comparable with existing literature, the same structure used in [25, p.161 ] is solved here using analytical, PSFEM and Lagrange FEM. Fig. 6 shows the results for the first three modes. Notice that from the present results, the curve given in Fig. 4-7 of [25] may not be accurate enough. For example, at a/λ 0 = 0.3, k z /k 0 is a little bit less than 1.0 in [25] , but the present analytic calculation is a little bit greater than 1.0. The analytical results are verified with several math tools. The curve in [25] is after earlier computation of N. H. Frank, it is possible that the solution of the transcendental equations was not accurate enough at that time. A copy can be found in [29, p.393] .
It can be seen clearly that the PSFEM results are in better agreement with the analytical solution. To emphasize this point, numerical data are listed in Table 3 . Again the PSFEM converges much faster than the traditional FEM does. 
CONCLUSION
The physical spline finite element method (PSFEM) is successfully extended to 2D electromagnetic problems, namely, the full wave analysis of waveguides.
The corresponding system matrix has the same bandwidth as the linear Lagrange elements. However, the convergence and accuracy are improved significantly.
The implementation shows the usefulness of PSFEM in electromagnetic engineering. In waveguide problems, the resultant nonlinear eigenvalue problem is very challenging. New algorithms for solving it are needed. On the other hand, it is worthwhile to extend the PSFEM to 3D guided wave cases and to scattering and radiation problems.
